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Recently, signatures of nonlinear Hall effects induced by Berry curvature dipoles have been found
in atomically thin 1T’/Td-WTe2. In this work, we show that in strained polar transition-metal
dichalcogenides(TMDs) with 2H-structures, Berry curvature dipoles created by spin degrees of free-
dom lead to strong nonlinear Hall effects. Under easily accessible uniaxial strain of order ∼ 0.2%,
strong nonlinear Hall signals, characterized by Berry curvature dipole in the order of ∼ 1A˚, arise
in electron-doped polar TMDs such as MoSSe, which is easily detectable experimentally. Moreover,
the magnitude and sign of the nonlinear Hall current can be easily tuned by electric gating and
strain. These properties can be used to distinguish nonlinear Hall effects from classical mechanisms
such as ratchet effects. Importantly, our system provides a potential scheme for building electrically
switchable energy harvesting rectifiers.
I. INTRODUCTION
The study of Hall effects has been one of the central
topics in condensed matter physics[1, 2]. Within the lin-
ear response regime, Hall effect arises only when time-
reversal symmetry is broken[3, 4]. Recently, however, it
was proposed by Sodemann and Fu[5] that Hall effects
can occur in a wide class of time-reversal-invariant mate-
rials with broken spatial inversion symmetry. In such sys-
tems, the total Berry flux over the equilibrium distribu-
tion is zero due to time-reversal symmetry[1], while Berry
curvatures can emerge locally in the Brillouin zone, with
counter-propagting charge carriers having different Berry
curvatures. Under an applied electric field, the current-
carrying state maintains an imbalance between counter-
propagting movers, which results in nonzero Berry cur-
vature flux under proper symmetry conditions[6]. This
leads to anomalous Hall currents which establish a Hall
voltage in the steady state. As the electric field plays
both roles of driving the system out of equilibrium and
inducing anomalous velocities, the Hall current scales
quadratically with the voltage bias. This special type
of Hall effect is thus referred to as the nonlinear Hall ef-
fect(NHE). Due to the nonlinear current response, the
NHE can convert oscillating electric fields into DC cur-
rents, a process known as rectification, which have poten-
tial applications for next-generation wireless and energy
harvesting devices[7].
Nonlinear Hall response is characterized by the first-
order moment of Berry curvatures over occupied states[5,
8, 9], called the Berry curvature dipole. In 2D systems,
the Berry curvature dipole transforms as a pseudo-vector,
thus the maximum symmetry allowed for a nonzero mo-
ment is a single mirror symmetry (mirror plane perpen-
dicular to the 2D plane). Interestingly, atomically thin
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transition-metal dichalcogenides(TMDs) with 1T’/Td-
structure, such as MoTe2 and WTe2, respect a single in-
plane mirror symmetry[10], and nonzero Berry curvature
dipoles are proposed to exist in these materials[11, 12].
Remarkably, two recent experiments have independently
observed signatures of Hall effects in bilayer[13] and
multi-layer WTe2[14] in the absence of magnetic fields.
Importantly, a quadratic scaling relation was found be-
tween the transverse voltage and the applied source-drain
bias. While the observations are consistent with NHEs
induced by Berry curvature dipoles[15], due to the rela-
tively weak gate-dependence of Berry curvature dipoles
in WTe2[13], it remains experimentally challenging to di-
rectly rule out alternative trivial interpretations such as
electron ratchet effects[5, 14, 16].
Besides 1T’/Td-TMDs, it is known that TMDs with
the usual 2H-structures also possess nontrivial Berry cur-
vatures due to intrinsically broken inversion in orbital
degrees of freedom[17, 18]. However, the three-fold(C3)
symmetry in 2H-TMDs forces the Berry curvature dipole
to vanish[5]. Under applied strains that break the C3-
symmetry, nonzero Berry curvature dipoles can arise in
2H-TMDs[5, 6, 11]. Unfortunately, the dipole moment
in strained conventional 2H-TMDs is shown to be weak
(∼ 0.01A˚)[5, 11], mainly due to the weak Berry curva-
tures generated by the huge Dirac mass (∼ 1 eV) in the
orbital degrees of freedom[17].
Lately, it was proposed that in gated[19] or polar 2H-
TMDs[20, 21], combined effects of Rashba and Ising spin-
orbit couplings(SOCs) result in a different type of Berry
curvature in spin degrees of freedom[22, 23]. Importantly,
in 2H-TMDs the SOC-induced effect was found to be
strong, which dominates over the conventional orbital
effect and significantly changes the Berry curvatures in
2H-TMDs. However, the role of this SOC-induced Berry
curvatures in creating nonlinear Hall effects in 2H-TMDs
remains unknown.
In this work, we show that the large Berry curva-
tures induced by SOCs lead to strong and gate-tunable
nonlinear Hall effects(NHEs) in moly-based polar 2H-
TMDs(Fig.1) such as MoSSe[24, 25]. With easily accessi-
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FIG. 1: Schematics for Berry curvature dipole in strained
moly-based transition-metal dichalcogenides(TMDs). (a)
Ωspin near the conduction band minimum(CBM) at the +K-
point in 2H-TMDs. Left panel: in MoX2, spin-up and spin-
down bands cross at finite momentum. Ωspin is zero due
to the absence of Rashba SOCs. Middle panel: in MoXY,
Rashba SOCs cause anti-crossings within two spin-subbands,
where hot spots of Ωspin emerge at the same energy for left-
movers and right-movers. Right panel: with uxx 6= 0, anti-
crossings for left-movers and right-movers are separated, cre-
ating nonzero Berry curvature dipole D in MoXY. (b) Under
electric field Eω with frequency ω, the non-equilibrium state
in strained MoSSe gains net Berry curvature flux (denoted
by the orange arrows), which combines with Eω to generate
nonlinear Hall current signified by second-harmonic compo-
nent J2ω.
ble low carrier density and weak uniaxial strain of order
∼ 0.2%, pronounced nonlinear Hall signals arise in polar
TMDs characterized by Berry curvature dipoles on the
order of ∼ 1A˚(Fig.3), comparable to the optimal values
observed recently in 1Td-WTe2[13, 14].
Importantly, the magnitude and sign of nonlinear Hall
signals in strained polar TMDs change dramatically upon
gating the Fermi level ∼ 10 − 20 meV away from the
conduction band minimum(Fig.2(c)). Therefore, non-
linear Hall effects in strained polar TMDs generally ex-
hibit a stronger gate-dependence than 1T’/Td-WTe2[13],
which can be easily detected in Hall measurements with
moderate gating. We further point out that the gate-
sensitive NHE in strained polar TMDs provides a promis-
ing scheme for realising electrically switchable rectifiers
for wireless energy harvesting devices. The highly gate-
tunable NHE in strained polar TMDs also serves as a
distinctive and accessible experimental signature of Berry
curvature dipoles, which distinguishes itself from nonlin-
ear effects due to trivial classical mechanisms[5, 14, 16].
II. RESULTS
A. Effective model Hamiltonian of strained MoSSe
Throughout this work, we consider MoSSe as a specific
example of polar TMDs, which has been successfully fab-
ricated in recent experiments[24, 25]. However, our pre-
diction generally applies to the whole class of moly-based
polar TMDs MoXY, (X 6= Y)[20, 21].
To distinguish the two types of Berry curvatures in 2H-
TMDs originating from orbital/spin degrees of freedom,
we use the notations Ωorb/Ωspin to denote the conven-
tional Berry curvatures/the SOC-induced Berry curva-
tures.
To describe the essential mechanism behind the emer-
gence of Berry curvature dipole, we first construct an ef-
fective Hamiltonian for n-type(electron-doped) strained
polar TMDs. The crystal structure of a generic po-
lar TMD is almost the same as a usual 2H-TMD ex-
cept that the triangularly arranged transition-metal(M)
atoms are sandwiched by two different layers of chalco-
gen atoms[20, 21, 24, 25]. Thus, the out-of-plane mirror
symmetry (mirror plane parallel to the 2D plane of M-
atoms), which is generally respected by usual 2H-TMDs,
is intrinsically broken. The resultant symmetry group of
MoSSe is the product group of the C3v point group and
time-reversal symmetry T .
Near the conduction band minimum(CBM) at the K-
points, electrons in polar TMDs originate predominantly
from the dz2 -orbitals of the M-atoms[26]. Under the basis
formed by spins of dz2-electrons, the unstrained effective
Hamiltonian of MoSSe can be written as[22, 23, 27]:
H0 = ξkσ0 + αso(kyσx − kxσy) + βso(k)σz. (1)
Here, σi, i = 0, x, y, z denotes the usual Pauli matrices
acting on the spin degrees of freedom. ξk =
|k|2
2m∗ − µ
denotes the kinetic energy term, m∗ is the effective mass
of the electron band, µ is the chemical potential,  = ±
is the valley index.
The βso(k)-term refers to the Ising SOC which origi-
nates from the atomic spin-orbit coupling as well as the
breaking of an in-plane mirror symmetry[28–31]. In pre-
vious studies on 2H-TMDs, the Ising SOC was usually
treated as a constant near the K-points[22, 23, 27]. How-
ever, in realistic band structures of conventional moly-
based 2H-TMDs, spin-up and spin-down bands cross at
finite momentum k0 (left panel of Fig.1(a))[26]. This
indicates a sign change in the Ising SOC term at the
crossing, which can be accounted by quadratic correc-
tions in k: βso(k) = β0 +β1k
2, with sgn(β0)sgn(β1) < 0.
The crossing for spin-up and spin-down bands occurs at
k0 = ±
√−β0/β1. The αso-term is known as the Rashba
SOC[32], which arises in MoSSe due to intrinsically bro-
ken out-of-plane mirror symmetry.
Interestingly, per each K-valley the coexistence of Ising
and Rashba SOCs results in a modified massive Dirac
Hamiltonian H0 = ξkσ0 + d(k) · σ, which is remini-
scient of the well-known BHZ model for a 2D topological
insulator[33] with d(k) = [αsoky,−αsokx, (β0 + β1k2)]
except that the kinetic ξk-term bends the electron bands
up, with two non-degenerate spin-subbands(Fig.1(a)).
The energy spectra for the upper/lower spin subbands
are given by: E±(k+ K) = ξk± |d(k)| where |d(k)| =√
α2sok
2 + (β0 + β1k2)2. The Berry curvatures of the two
3subbands are given by[34, 35]:
Ωspin,±(k + K) = ∓1
2
dˆ(k) · (∂dˆ
∂kx
× ∂dˆ
∂ky
) (2)
= ∓1
2

α2so(β0 − β1k2)
|d(k)|3 .
Note that the nontrivial Ωspin,±(k) requires the pres-
ence of both Ising and Rashba SOCs. In the absence
of Rashba SOCs, the upper and lower subbands consist
of decoupled spin-up and spin-down states and no Ωspin
can be generated (left panel of Fig.1(a)). In moly-based
polar TMDs, the Rashba SOC hybridizes the spin-up and
spin-down bands and causes an anti-crossing within the
spin subbands (middle panel of Fig.1(a)). In particular,
hot spots of Ωspin emerge in the vicinity of the cross-
ing points k0, with their signs being opposite in upper
and lower subbands. Given realistic parameters, Ωspin
near its hot spots has a magnitude |Ωspin|  100A˚2 (see
Appendix A for details).
Despite the large Ωspin, the Berry curvature dipole
remains zero in unstrained MoSSe due to the three-
fold(C3) symmetry[5]. Physically, the Berry curvature
dipole measures the gain in total Berry curvature flux
in the current-carrying state[6]. When C3-symmetry is
present, the Berry flux from left-movers is always equal
to that from right-movers on the Fermi surface (middle
panel of Fig.1(a)). Thus, the imbalance between left-
movers and right-movers established by a source-drain
bias leads to no gain in total Berry flux up to the lowest
order correction.
To break the C3-symmetry, one feasible way is to in-
troduce uniaxial strains[5, 6, 11]. Following the scheme
developed in the recent work[36], effects of strains in 2D
TMDs can be modelled by classifying the strain-field ten-
sor ←→u ij = (∂iuj + ∂jui)/2, (i, j = x, y) according to the
irreducible representations of the C3v point group of po-
lar TMDs. In total, ←→u has three effective independent
components: (i) the trace scalar u0 ≡ (uxx+uyy); and (ii)
the doublet {u1, u2} ≡ {2uxy, uxx−uyy} that transforms
as a polar vector. Details of the symmetry properties of
u0, u1, u2 are presented in Appendix A.
To capture the essential physics, we consider strain
effects on spin-independent terms only, which has no
contributions to Berry curvatures. This approximation
is based on the observation that the coupling strength
between the spin-independent terms and strain-field ←→u
have an energy scale ∼ 1 eV[36], which is far greater
than spin-orbit couplings on the scale of a few to tens
of meVs. Up to linear order terms in k, the effective
strained Hamiltonian compatible with the C3v ⊗T sym-
metry group is given by:
Hstrain = [γu0 + δ(u1ky − u2kx)]σ0, (3)
Heff = H0 +Hstrain,
where Heff is the total effective Hamiltonian, and γ, δ
are effective strained parameters. Considering uniaxial
strains in the x-direction: uxx 6= 0 and uxy = uyy = 0,
the strained energy spectra are given by: E′±(k) =
uxx(γ−δkx)+ξk±|d(k)|. Clearly, the δ-term breaks the
C3-symmetry by shifting the band minimum along the kx
direction[5]. As a result, the two pairs of Berry curva-
ture hot spots associated with the left-movers and right-
movers are energetically separated(Fig.1(a), right panel).
For Fermi level close to one of these separated hot spots,
an applied bias in the x-direction creates an imbalance
between left-movers and right-movers, and the system
acquires nonzero out-of-plane Berry curvature flux in the
current-carrying state(orange arrows in Fig.1(b)). This
current-induced Berry flux then combines again with the
applied field to generate currents in transverse y-direction
as shown schematically in Fig.1(b).
B. Large and gate-tunable Berry curvature dipoles
in strained MoSSe
Having established how Ωspin combines with uniax-
ial strains to create Berry curvature dipoles, we now go
beyond the effective two band model and study the non-
linear Hall effect in strained MoSSe under realistic situa-
tions. Using a six-orbital tight-binding model for strained
TMDs[26, 36], we take both Ωspin and Ωorb into account
and study the Berry curvature as well as its dipole mo-
ment in electron-doped strained MoSSe. As we are about
to show, the dominance of Ωspin over Ωorb, together with
uniaxial strains, leads to strong and highly gate-tunable
nonlinear Hall effects in strained MoSSe. Details of the
tight-binding Hamiltonian are presented in Appendix B-
C.
As we discussed in the last section, the Berry curvature
dipole measures the lowest-order correction in total Berry
curvature flux in the non-equilibrium state. This physical
meaning is revealed by its formal expression [5, 13]:
Dα = −
∑
n
∫
d2k
(2pi)2
(∂kαfn)Ωn(k) (4)
=
∑
n
∫
d2k
(2pi)2
vn,α(k)δF (En − EF )Ωn(k).
Here, Dα denotes the α-component of the Berry curva-
ture dipole D, with α = x, y. fn,Ωn refer to the equilib-
rium distribution function and Berry curvature of bands
indexed by n. vn,α = ∂En/∂kα is the band velocity
and δF (E − EF ) = −∂f/∂E = [4kBT cosh2(E−EF2kBT )]−1
mimics a delta-function with its maximum value δmaxF =
1/4kBT centered at EF .
In general, the Berry curvature dipole in a polar TMD
has contributions from both K and −K valleys. Due to
time-reversal symmetry, vn,α(k+K) = −vn,α(−k−K),
Ωn(k +K) = −Ωn(−k −K). Thus, contributions from
the two K valleys are equal, which allows us to consider
the +K-valley only for the simplicity of our following
discussions.
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FIG. 2: Realistic Berry curvature and its dipole moment in
MoSSe. Berry curvature profiles on the Fermi surface contour
in (a) unstrained MoSSe, and (b) strained MoSSe. Contribu-
tions from both spin subbands are included. Berry curvatures
are weighted by the normalized delta function δF /δ
max
F , with
temperature T = 10K. In-sets in (a)-(b): schematics for lo-
cations of EF in each case. Colors of the bands indicate the
Berry curvature values. (c) Berry curvature dipole Dx versus
Fermi energy EF in strained MoSSe (red solid line) calcu-
lated from realistic tight-binding model under uniaxial strain
uxx = 4%. The green dashed line indicates the location of
band minimum. (d) Schematics for strong gate-dependence of
nonlinear Hall effects in strained MoSSe. By gating EF across
the band anti-crossing associated with the right-movers in the
+K-valley, the nonlinear Hall current JNH switches sign.
As explained previously, Berry curvature dipoles van-
ish in MoSSe in the absence of strains. Since the Berry
curvature dipole is a Fermi liquid property[5], this sym-
metry property can be explicitly revealed by the Berry
curvature profile on the Fermi surface contour of an un-
strained MoSSe. Without loss of generality, we con-
sider EF lying slightly above the Berry curvature hot
spot in the upper band (in-set of Fig.2(a)). Apparently,
due to the C3-symmetry, Berry curvatures of three-fold-
related momentum states {k, C3k, C23k} must satisfy:
Ωn(k) = Ωn(C3k) = Ωn(C
2
3k) (Fig.2(a)), and their band
velocities (indicated by arrows in Fig.2(a)) sum to zero:∑3
j=1 vn,α(C
j−1
3 k) = 0. These symmetry constraints
force contributions from left-movers and right-movers to
cancel each other, leading to vanishing dipole moments
in Eq.4.
However, due to the fact that the total Berry curvature
Ωtot near the band anti-crossing points is approximately
a sum of Ωspin and Ωorb(see Appendix D for details), the
dominance of Ωspin over Ωorb implies that the behav-
ior of Ωtot is essentially governed by Ωspin. Therefore,
Ωtot in both upper and lower subbands exhibit similar
nonuniform momentum-space profiles as Ωspin (see Ap-
pendix D for details), with hot spots emerging near the
anti-crossing points (shown schematically in the in-set of
Fig.2(a)).
Importantly, Ωtot in the upper and lower subbands
have opposite signs[22](indicated by the red/blue col-
ors in the in-sets of Fig.2(a)-(b)). While this generally
leads to partial cancellation within the two subbands, it
is important to note that for Fermi level located slightly
above(below) the anti-crossing points, the Fermi momen-
tum of the upper(lower) subband is closer to the hot
spots, thus its Berry curvature contribution dominates
over the other subband at the Fermi energy, leading to
a large net Berry flux per each K-valley on the Fermi
surface contour. For instance, for Fermi level slightly
above the band anti-crossing, the upper subband domi-
nates, with the overall sign of the Berry curvature being
positive around K(Fig.2(a)).
Under uniaxial strains, the anti-crossings associated
with the left-movers and right-movers are energetically
separated. Thus, for Fermi levels located slightly above
or below one of the separated anti-crossing points, there
generally exists a huge difference between Berry cur-
vature contributions from left-movers and right-movers.
To be specific, we plot the Berry curvature profile on
the Fermi surface contour of strained MoSSe under
uxx = 4%, with EF lying slightly higher than the anti-
crossing point associated with the right-movers (in-set
of Fig.2(b)). Apparently, contributions from the right-
movers far exceed those from left-movers, with the over-
all sign being positive due to the dominance of the upper
band (Fig.2(b)). In this case, the system gains a large
amount of Berry flux as the left-movers are pumped by
the voltage bias to the right or vice versa, which signifies
a large Berry curvature dipole.
Moreover, since the upper/lower subband dominates
for Fermi levels above/below the anti-crossing, the net
Berry curvature on the Fermi surface changes sign as
the Fermi level is gated across these anti-crossing points,
indicating a sign switch in the Berry curvature dipole
(Eq.4). The Berry curvature dipole Dx as a function of
EF under uxx = 4% is plotted in Fig.2(c). At the band
minimum(indicated by green dashed line in Fig.2(c)),
the Berry curvature dipole is zero due to the vanishing
band velocity. As EF increases, the anti-crossing asso-
ciated with the left-movers is first accessed. Evidently,
Dx changes from positive to negative values as EF goes
across the anti-crossing. This gives rise to a peak fol-
lowed by a dip as shown in the Dx − EF curve (EF in
the range 1.44 ∼ 1.46 eV in Fig.2(c)).
By further raising the Fermi level, one reaches the anti-
crossing associated with the right-movers. However, since
the band velocities of right-movers and left-movers are
opposite to each other, Dx changes sign in an opposite
manner according to Eq.4, i.e., from negative to positive
values as EF sweeps across the anti-crossing. This leads
to a dip followed by a peak in the Dx−EF curve (EF in
the range 1.46 ∼ 1.48 eV in Fig.2(c)).
Consider a strained MoSSe with coordinates defined
in Fig.2(d)), an oscillating electric field with frequency
5ω: Eω(t) = Re{Exeiωt}xˆ in the x-direction can drive
a second-harmonic transverse current along y-direction
in strained MoSSe(Fig.1(b)), with the current amplitude
given by[5]:
j2ωy = −
e3τE2x
2(1 + iωτ)
Dx, (5)
where τ is the relaxation time. As j2ωy is proportional
to Dx, the nonlinear Hall current in MoSSe also changes
sign upon gating the Fermi level across the anti-crossing.
This sign switch occurs within a narrow Fermi level range
∆EF ∼ 10 meV(Fig.2(d)) and thus can be easily con-
trolled by moderate gating. The second-harmonic Hall
current j2ωy establishes an AC Hall voltage with frequency
2ω, which can be readily detected by usual Hall bar ge-
ometry as in recent experiments on bilayer and multilayer
WTe2[13, 14].
C. Strain-gate map of nonlinear Hall response in
MoSSe
In this section, we systematically demonstrate how the
gate-dependence of NHEs in MoSSe evolves under uniax-
ial strain uxx ranging from 0% up to 4%(Fig.3a). Impor-
tantly, we show that a tiny amount of uniaxial strain
uxx ∼ 0.2% is sufficient for creating sizeable Berry cur-
vature dipoles of the order ∼ 1A˚(Fig.3b).
As we explained in subsection A, the uniaxial strain
plays the essential role of breaking the C3-symmetry and
gives rise to nonzero Berry dipoles in MoSSe. In partic-
ular, large Berry dipoles in MoSSe are physically estab-
lished by the strain-induced energy separation of Berry
curvature hot spots associated with left-movers and right-
movers(Fig.1a). Thus, as one gradually turns on the
uniaxial strain, the Berry curvature hot spots associated
with left-movers and right-movers start to get separated
in energy and nonzero Berry dipole Dx emerges.
A complete 2D map of Dx as a function of Fermi en-
ergy EF and uniaxial strain uxx is shown in Fig.3a, with
the black solid line indicating locations of the conduction
band minimum(CBM). At uxx = 0%, the C3-symmetry
in MoSSe is respected, with Dx = 0 in all ranges of EF .
As uxx is turned on, nonzero Berry dipoles Dx start to
emerge. Notably, the band anti-crossing points providing
Berry curvature hot spots(Fig.1a) are generically located
∼ 20 meVs away from the CBM. As EF accesses these
hot spots, it is evident from Fig.3a that pronounced sig-
nals of Dx of the order ∼ 1A˚ readily appear under very
weak uniaxial strains uxx ∼ 0.2%.
To understand why such strong Berry dipoles can
be induced by weak strains, we study the evolution-
ary behavior of Dx under strains by plotting Dx as
a function of EF at various fixed strains: uxx =
0.2%, 1.2%, 2.2%, 3.2%, as shown in Fig.3b-e. The black
double arrows in each case measure the energy separation
between the lowest- and highest-lying Berry curvature
hot spots.
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FIG. 3: Evolution of nonlinear Hall signals induced by Berry
curvature dipoles in MoSSe under strains and gating. (a)
Strain-gate map of Berry dipole Dx in electron-doped MoSSe.
Black solid line indicates location of conduction band mini-
mum(CBM). Note that the energy offsets in CBM upon in-
creasing uxx is due to on-site energy corrections induced by
strains (see Appendix C). (b)-(e) Gate-dependence of Dx with
uxx = 0.2%, 1.2%, 2.2%, 3.2%. Green dashed lines correspond
to locations of CBM in each case. The black double arrows in-
dicate the energy separation between anti-crossings associated
with the left-movers and the right-movers near the K-valley.
As discussed in subsection B, under a uniaxial strain
as strong as uxx = 4%, band anti-crossings associated
with the left-movers and right-movers are unambiguously
separated in energy. As the Berry curvature hot spots
are accessed successively, the sign change in the Berry
curvature hot spots are signified by the peak-to-dip/dip-
to-peak behaviors in the Dx-EF curve(Fig.2c).
Notably, the two dips in Dx originate from the left-
movers in the upper band and the right-movers in the
lower band respectively, with both their band velocities
and Berry curvatures being opposite to each other. As
a result, their contributions to Dx are additive(Eq.4).
Upon decreasing the uniaxial strain, the two dips start
to merge with each other, which enhances the total Berry
curvature dipole and reaches a maximum Dx ∼ 2A˚ for
6uxx ∼ 1% as shown in Fig.3a. By further decreasing uxx,
while the total Dx would ultimately vanish in the zero
strain limit, the additive contributions from merging the
two dips in Dx remain strong for weak finite strains. In
particular, the magnitude of total Dx is still of the order
∼ 1A˚ under uxx ∼ 0.2% where the merging between two
dips happens(Fig.3b).
It is also worth noting that the special evolutionary
behavior ofDx−EF curves under strains, particularly the
merging effect between the two dips upon decreasing the
uniaxial strain, provides yet another unique signature for
the gate-tunable nonlinear Hall effect in strained MoSSe.
D. Potential gate-tunable high-frequency rectifiers
based on strained polar TMDs
In this section, we discuss how the highly tunable NHE
in strained polar TMDs provides a potential scheme for
switchable high-frequency rectifiers.
In the past decade, rapid developments of wire-
less technologies have surged an increasing demand for
portable micro-sized devices that can harvest the energy
of ambient electromagnetic(EM) radiations. At the heart
of these energy harvestors lies the physical process known
as rectification, the conversion of oscillating EM fields
into DC currents.
While conventional rectifiers based on semiconductor
diodes have found a wide range of industrial applica-
tions, a fundamental limitation exists for their operating
frequencies[37, 38]. In particular, for a prefered current
direction to be effectively selected, the diode transition
time(i.e., the time scale for a p − n junction to enter
a complete open circuit state upon reversing the bias)
must be much shorter than the period of EM waves. The
typical diode transition time on nanosecond scale sets
the maximum frequency limit to lie within the gigahertz
range, and the vast amount of energy stored in terahertz
and far-infrared radiations, which have natural sources
such as thermal radiations, can hardly be harvested with
existing rectifiers.
To bypass the frequency threshold, an alternative
scheme based on the intrinsic nonlinear property of ho-
mogeneous materials was proposed recently[7]. Notably,
regardless of the frequency of the applied or ambient AC
fields, second-order nonlinearity generically results in a
DC response. Thus, the nonlinear Hall effect provides a
possible means to build high-frequency rectifiers that can
harvest energy of radiations in terahertz and far-infrared
regime. In particular, the strained polar TMDs studied in
this work can serve as a potential electrically switchable
high-frequency rectifier, which controls both the ampli-
tude and direction of rectified currents simply by electric
gates.
With the same set-up in Fig.2(d), apart from the
second-harmonic component discussed previously, the
nonlinear Hall current JNH generated by an AC electric
field Eω(t) = Re{Exeiωt}xˆ is partially rectified due to
the second-order nonlinearity in Ex, with the DC current
component given by[5]:
j0y = −
e3τ |Ex|2
2(1 + iωτ)
Dx. (6)
It is clear from Eq.6 that via a moderate gate voltage, the
amplitude and direction of the rectified current j0y can be
regulated in a similar manner as the Dx − EF curve in
Fig.2(c). This provides an easy way for charge regulation,
which is indispensible for real electronic devices. Thus,
strained polar TMDs can be used to build a NHE-based
high-frequency rectifier which integrates the generation
and regulation of charging DC currents within a single
device.
III. DISCUSSION
Here, we discuss several important points on nonlinear
Hall effects(NHEs) in strained polar TMDs.
First of all, we point out that while strong spin-orbit
interactions are known to exist in TMD materials for
years[17, 27], the effect of SOCs has been completely ig-
nored in all previous studies on nonlinear Hall physics
in strained 2H-TMDs[5, 11]. In this work, we point out
for the first time that SOCs can significantly change the
nonlinear Hall physics in 2H-TMDs.
Particularly, in usual strained 2H-TMDs where Ωspin
is absent, the optimal value of Dx due to Ωorb can only
be of order ∼ 0.01A˚ under a rather strong uniaxial strain
uxx = 2%[5, 11]. In sharp contrast, due to Ωspin induced
by SOCs, strong Berry dipole of order ∼ 1A˚ emerges
under a weak uniaxial strain ∼ 0.2%(Fig.3).
Moreover, the sign of Dx for electron(hole)-doped sam-
ples cannot change due to the fact that the sign of Ωorb
is fixed in both conduction and valence bands[5, 11]. On
the other hand, as we show explicitly in Fig.3, the nonlin-
ear Hall current becomes highly tunable by gating and
strain due to the special property of Ωspin induced by
SOCs. Thus, our work demonstrates that SOCs change
the nonlinear Hall physics in TMDs in a qualitative way.
Also, as the Berry dipole due to Ωorb never changes sign,
the sign-changing nonlinear Hall current in strained polar
TMDs provides a distinctive electrical signature for the
recently discovered Berry curvature Ωspin derived from
spin degrees of freedom.
It is important to note that that NHEs in strained
polar TMDs generally have a much stronger gate-
dependence than 1Td-WTe2. Strong gate-dependence of
NHEs not only provides a practical way to realize gate-
tunable Hall devices, but also serves as a distinctive sig-
nature of the nontrivial Berry phase origin. In partic-
ular, a gate-sensitive nonlinear Hall signal due to Berry
curvature dipoles can distinguish itself from trivial mech-
anisms, such as ratchet effects[5, 14, 16], that are much
less sensitive to gating.
In the recent experiment on bilayer 1T’-WTe2, the sign
of the Berry curvature dipole Dx is generally fixed in
7the neighborhood of the charge neutrality point near the
band edges[13]. To switch the sign of Dx, one gener-
ally needs to gate the Fermi level to at least 50 − 100
meVs away from the band edges, which requires a rather
strong gating field. Furthermore, without a dual-gate
set-up, such a strong gating field inevitably introduces
out-of-plane displacement fields that cause complications
in band structures as well as Berry curvature effects[13].
To unambiguously identify the Berry phase origin of non-
linear Hall effects in 1Td-WTe2, a dual-gate set-up is nec-
essary to control the carrier density and the displacement
field independently.
In contrast, the Berry curvature dipole in strained po-
lar TMDs can switch its sign dramatically within a nar-
row Fermi level range ∆EF ∼ 10− 20 meVs. This range
can be easily achieved by a moderate gating, which has
been accessed in previous gating experiments on normal
2H-TMDs[39]. Moreover, the strong gate-dependence of
Dx in strained polar TMDs occur for Fermi level ∼ 20
meV measured from the conduction band edge. This
corresponds to a relatively low carrier density regime
(n2D ∼ 1 × 1012cm−2), which has also been readily ac-
cessed by weak gating[39, 40] without introducing sig-
nificant displacement field. Thus, a dual-gate set-up is
not necessary for detecting the gate-dependence of Dx
in strained polar TMDs, and we expect the gate-tunable
NHEs in strained polar TMDs to be much more easily
observed experimentally comparing to 1Td-WTe2.
Besides, the large magnitude and strong gate-
tunability of Berry curvature dipole predicted in this
work originates from the intrinsic band anti-crossings
caused by Ising and Rashba SOCs in moly-based po-
lar TMDs. It does not require any further experimental
design apart from strains. To demonstrate the general-
ity of our prediction, we present the gate-dependence of
nonlinear Hall signals in another moly-based polar TMD
MoSeTe in Appendix E. Same qualitative features in
Fig.3 are found in the Dx−EF curve in strained MoSeTe.
Also, as long as the C3-symmetry is broken, details of
the strain configuration do not affect our prediction qual-
itatively. We further point out that for any strain con-
figuration satisfying uxy = 0 and uxx 6= uyy, the in-plane
mirror symmetry x 7→ −x is preserved in strained MoSSe,
with its point group being identical to bilayer/multilayer
1Td-WTe2[10, 13]. Thus, the Berry curvature dipole has
only a nonzero x-component Dx, which is perpendicular
to the mirror plane. In this case, nonlinear Hall effects
can be observed as long as the applied electric field devi-
ates from the mirror-invariant y-axis, as demonstrated in
the recent experiment on multilayer 1Td-WTe2 by Kang
et al.[14].
In addition, it is shown previously that Ωspin also arises
in tungsten(W)-based TMDs[22]. However, due to the
absence of band anti-crossings driven by SOCs in W-
based materials, the Berry curvature has a much less non-
uniform profile as compared to moly-based case, and the
nonlinear Hall effect in W-based polar TMDs is much
weaker. Detailed discussions on W-based polar TMDs
are presented in Appendix E.
We note parenthetically that, while a few recent works
pointed out possible extrinsic contributions to nonlin-
ear Hall effects due to disorder scattering[41–44], it was
suggested that the total nonlinear Hall conductivity re-
mains proportional to the Berry curvature dipole in
general[42, 43]. In particular, the recent experiment on
bilayer 1T’-WTe2 unambiguously demonstrated that the
sign of the total nonlinear Hall current is almost strictly
controlled by the Berry curvature dipole[13]. Thus, we
believe the qualitative features of NHEs in polar TMDs
predicted in this work will not be affected by extrinsic
effects.
Last but not least, for p-type polar TMDs, the effect
of Ωspin is almost negligible near the K-points due to the
strong Ising SOC ∼ 100 meVs in the valence band[26],
and the total Berry curvature is dominated by the con-
ventional Ωorb[22]. Thus, for hole-doped polar TMDs,
one expects the Berry curvature dipole to be very weak,
similar to the case in conventional 2H-TMDs as studied
in previous works[5, 11].
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Appendix A: Effective Hamiltonian for strained
MoSSe
Here, we derive the effective Hamiltonian near the con-
duction band minimum for MoSSe by group theory. In
the absence of strain, the electronic bands near the con-
duction band minimum atK-points are dominated by the
dz2 -orbitals, with spin degrees of freedom. As we men-
tioned in the main text, the symmetry group of MoSSe
is given by the product group: C3v ⊗ T , with the fol-
lowing generators: (i) three-fold rotation(Cˆ3), (ii) mirror
reflection(Mˆx) and time-reversal T . The valley index,
momentum and spin transform under these generators
as follows:
Cˆ3 :  7→ , k± 7→ e±i2pi/3k±, (A-1)
σ± 7→ e±i2pi/3σ±, σz 7→ σz.
Mˆx :  7→ −, k+ ↔ −k−, σ+ 7→ σ−, σz 7→ −σz.
T :  7→ −, k+ 7→ −k−, σ+ 7→ −σ−, σz 7→ −σz.
where  = ± is the valley index, k± = kx ± iky, σ± =
σx ± iσy. The unstrained Hamiltonian H0(k) that are
invariant under the transformations in (A-1) has the form
(up to second order in k):
H0(k + K) = ξkσ0 + βso(k)σz + αso(kyσx − kxσy).
(A-2)
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FIG. A-1: Magnitude of Berry curvature generated by Ising
and Rashba spin-orbit couplings near K-point of unstrained
MoSSe. The coordinate of K-point is given by K =
(4pi/3a, 0) ≈ (1.313, 0) with a = 3.19A˚. Given the effective
parameters in Table II, the values of Ωorb are calculated based
on Eq.1-2 of the main text. Evidently, huge Ωspin arise in the
neighborhood of band-anticrossing points k0, with its magni-
tude generally far greater than 100A˚
2
.
Here ξk =
k2
2m∗ − µ is the usual kinetic term, βso(k) =
β0 + β1k
2 is the Ising SOC term with β0β1 < 0, αso is
the strength of Rashba SOC. As we discussed in the main
text, in the absence of Rashba SOCs, the spin subbands
cross each other at k0 = ±
√
β0/β1. By turning on the
Rashba SOC, nontrivial Berry curvatures arise near the
K-point as shown in Fig.A-1, with their magnitude being
huge in the neighborhood of k0.
Next, we consider corrections terms due to strain.
According to Refs.[36], general strain effects in two-
dimensional crystalline solids are mathematically de-
scribed by a displacement field u(x, y) due to distortions
in atomic sites in the strained lattice. In particular, phys-
ical effects of strains are described by the gradients of
u(x, y): ∂iuj , (i, j = x, y), which form a second-rank ten-
sor. The four independent components of ∂iuj can be
classified according to the irreducible representations of
C3v: (i) the trace scalar ∂xux + ∂yuy, which forms the
trivial (A1) representation of C3v; (ii) the curl (rotation)
of u: ←→ω ij = ∂iuj−∂jui that forms the A2-representation
of C3v. It describes a rotation of the system about the
principal z-axis under strain, which can always be taken
away by redefining the coordinates; (iii) the symmetric
traceless tensor: ←→ ij = 12 [∂iuj+∂jui−(∇ ·u)δij ], which
is characterized by a doublet {∂xuy + ∂yux, uxx − uyy}
that forms the two-dimensional E-representation of C3v.
To get rid of the redundant rotational part ←→ω , the
symmetric strain-field tensor←→u ij = 12 (∂iuj +∂jui) is in-
troduced such that strain effects are essentially captured
by the independent components of ←→u . Explicitly, under
a group element gˆ, the trace ∂xux + ∂yuy ≡ uxx + uyy
remains invariant, while the doublet {∂xuy +∂yux, uxx−
uyy} ≡ {2uxy, uxx − uyy} ≡ {u1, u2} transforms as a po-
lar vector:
gˆ : {u1, u2} 7→ {u1, u2}[D(E)(gˆ)]T . (A-3)
where D(E)(gˆ) denotes the representation matrix for gˆ in
spatial coordinates: D
(E)
ij (gˆ) = ei · gˆej , (i, j = x, y). Par-
ticularly, for the generators Cˆ3z, Mˆx, the representation
matrices are:
D(E)(Cˆ3z) =
(
− 12 −
√
3
2√
3
2
1
2
)
, (A-4)
D(E)(Mˆx) =
(−1 0
0 1
)
.
To sum up the symmetry properties of the physical quan-
tities mentioned above, the irreducible representations of
the valley index, momentum, spin and strain-tensor com-
ponents are presented in Table I.
In the presence of the strain-field tensor←→u , the under-
lying point group symmetries in C3v is manifested by the
following equivalence: Given any gˆ ∈ C3v, after being
transformed by gˆ, the system with strain ←→u is identi-
cal to the system with transformed strain ←→u ′ = gˆ←→u .
Here, components of ←→u ′ and ←→u are related by: u′0 =
u0, {u′1, u′2} = {u1, u2}[D(E)(gˆ)]T .
Formally, this can be expressed as:
gˆHˆ(←→u )gˆ−1 = Hˆ(gˆ←→u ). (A-5)
where Hˆ(←→u ) is the total Hamiltonian under strain←→u .
Note that the symmetry relation above is simply a gen-
eralization of the symmetry property of unstrained sys-
tem with ←→u = 0. Particularly, Eq.A-5 implies that the
momentum-space Hamiltonian H(k) satisfies:
U†(gˆ)H(gˆk, gˆ←→u )U(gˆ) = H(k,←→u ). (A-6)
where U(gˆ) denotes the matrix for group operator gˆ
under the spin basis: Uσσ′(gˆ) = 〈σ|gˆ|σ′〉, with σ, σ′ =↑, ↓.
Accordingly, up to first order in k, strain effects on the
spin-independent terms are described by:
Hstrain(k + K) = [γu0 + δ(kyu1 − kxu2)]σ0. (A-7)
The γu0σ0-term describes the on-site energy correction
due to strain, which causes an energy offset in the conduc-
tion band minimum. The δ(kxu2 − kyu1)-term results
from the correction in the bonding strengths due to mod-
ified inter-atomic distances in the strained lattice. This
term explicitly breaks the C3-symmetry, which is respon-
sible for the nonzero Berry curvature dipole discussed in
the main text. The total Hamiltonian is
Heff = H0 +Hstrain. (A-8)
The parameters of the effective Hamiltonian can be
obtained by fitting the realistic band structures, which
are listed in Table II. Notably, due to δ < 0, the uniaxial
9TABLE I: Irreducible representations(IR)s of valley index,
momentum, spin, and strain-tensor components in C3v and
parity under time-reversal T .
Basis functions IR T
 A2 −
1, k2x + k
2
y A1 +
{kx, ky} E −
σ0 A1 +
σz A2 −
{σx, σy} E −
u0 A1 +
{u1, u2} E +
strain with uxx > 0, uyy = uxy = 0 causes a shift of the
band minimum at +K(−K) to the left(right), as being
consistent with our discussions in the main text. Also,
due to γ < 0, the energy offset due to strain is negative
for uxx > 0. By increasing uxx, the conduction band
minimum gets lower in energy, which is also consistent
with the results in Fig.4 of the main text.
TABLE II: Parameters for the effective Hamiltonian Heff .
m∗/me αso/a(meV) β0(meV) β1/a2(meV)
0.5 0.3 -1.5 67
γ(eV) δ/a(eV) a(A˚)
-4.2 -1.5 3.19
Appendix B: Tight-binding Hamiltonian
The tight-binding(TB) Hamiltonian for MoS2 and
MoSSe takes the same form, with the only difference that
the Rashba spin-orbit coupling(SOC) for pristine MoS2
is zero. In generic monolayer transition-metal dichalco-
genides, the conduction and valence band edges are domi-
nated by the dz2 , dxy, dx2−y2 orbitals from the transition-
metal atoms[26]. In the spinful Bloch basis of the d-
orbitals: {|k, dz2〉 , |k, dxy〉 , |k, dx2−y2〉}, the unstrained
tight-binding Hamiltonian for polar TMD up to nearest-
neighbor hopping is written as
H0TB (k) = HNN (k)⊗ σ0 +
1
2
λLz ⊗ σz (B-1)
+ HR(k) +H
c
I (k).
The first term HNN (k) represents the spin-independent
terms, the second term refers to the atomic spin-orbit
coupling. HR(k) and H
c
I (k) describe the Rashba SOCs
and the Ising SOC near the conduction band edges. The
first two terms are given by[26]:
HNN (k) =
V0 V1 V2V ∗1 V11 V12
V ∗2 V
∗
12 V22
− µI3×3, (B-2)
Lz =
0 0 00 0 −2i
0 2i 0

Here, µ denotes the chemical potential, and Lz is the z-
component of the orbital angular momentum. Defining
(α, β) =
(
1
2kxa,
√
3
2 kya
)
, V0, V1, V2, V11, V12 and V22 are
expressed as:
V0 = 1 + 2t0 (2 cosα cosβ + cos 2α) , (B-3)
Re [V1] = −2
√
3t2 sinα sinβ, (B-4)
Im [V1] = 2t1 sinα (2 cosα+ cosβ) , (B-5)
Re [V2] = 2t2 (cos 2α− cosα cosβ) , (B-6)
Im [V2] = 2
√
3t1 cosα sinβ, (B-7)
V11 = 2 + (t11 + 3t22) cosα cosβ (B-8)
+ 2t11 cos 2α,
Re [V12] =
√
3 (t22 − t11) sinα sinβ, (B-9)
Im [V12] = 4t12 sinα (cosα− cosβ) , (B-10)
and
V22 = 2 + (3t11 + t22) cosα cosβ (B-11)
+ 2t22 cos 2α.
The parameters for the NN tight-binding model are
adapted from Refs.[26] and listed in Table III.
Next, we present the Ising and Rashba SOCs in the
tight-binding model. Note that the Ising SOCs in the
valence bands are readily described by HNN(k) together
with the atomic spin-orbit coupling term. The Ising SOC
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TABLE III: Parameters for HNN (k) for monolayer MoS2 and MoSe2 adapted from Refs.[26]. All energy parameters set in units
of eV .
a(A˚) 1 2 t0 t1 t2 t11 t12 t22 λ
MoS2 3.190 1.046 2.104 -0.184 0.401 0.507 0.218 0.338 0.057 -0.073
MoSe2 3.326 0.919 2.065 -0.188 0.317 0.456 0.211 0.290 0.130 -0.091
in the conduction bands HcI (k) takes the form:
HcI (k) =
β(k) 0 00 0 0
0 0 0
⊗ σz. (B-12)
where
β(k) = −2β
c
so
3
√
3
[sin(2α)− 2 sin(α) cos(β)]. (B-13)
with βcso = −1.5 meV. The Rashba SOCHR(k) is written
as:
HR(k) =
2α0 0 00 0 0
0 0 0
⊗ (fx(k)σy − fy(k)σx).(B-14)
where α0 denotes the tight-binding Rashba parameter
for dz2 -orbitals. In our tight-binding calculations, we
set α0 = 0.2 meV for MoSSe. We note that α0 is re-
lated to the effective Rashba strength αso in the effec-
tive model by: αso =
3
2α0a, where a is the lattice con-
stant. The Rashba SOC for {dxy, dx2−y2} orbitals are
neglected as we only concern about the conduction band
minimum which is dominated by dz2-orbitals. The func-
tions fx(k), fy(k) are given by:
fx(k) = sin(2α) + sin(α) cos(β) (B-15)
fy(k) =
√
3 sin(β) cos(α)
Appendix C: Symmetry-allowed linear coupling to
strain-field
Considering {dz2 , dxy, dx2−y2}-orbitals, the general
form of real-space tight-binding Hamiltonian is given by:
Hˆ(←→u ) =
∑
R,R′
∑
α,β
c†α(R)hα,β(R,R
′,←→u )c†β(R′) (C-1)
where R,R′ label the lattice sites, and α, β are the or-
bital(spin) indices. Based on the general relation defined
in Eq.A-5 of Section I, the matrix connecting a general
pair of lattice sites R,R′ satisfy the following relation:
hˆ(gˆR, gˆR′,←→u ) = U(gˆ)hˆ(R,R′, gˆ−1←→u )U†(gˆ). (C-2)
Note that Eq.C-2 is simply a generalization of the
symmetry relations for unstrained case as studied in
Refs.[26], should we enforce that under gˆ the strain-
field tensor transforms inversely to ←→u ′ = gˆ−1←→u , with
u′0 = u0, {u′1, u′2} = {u1, u2}[D(E)(gˆ−1)]T .
Under weak applied strains considered in this work, it
is reasonable to assume that corrections due to strain are
essentially given by linear-order coupling to the strain-
field components in ←→u . In particular, the on-site terms
are invariant under the generalized transformation in
Eq.C-2, which take the following form:
hˆ0(
←→u ) = (uxx + uyy)
ES0 0 00 ES2 0
0 0 ES2
 (C-3)
+ 2uxy
 0 hS1 0hS1 0 hS2
0 hS2 0

+ (uxx − uyy)
 0 0 hS10 hS2 0
hS1 0 −hS2
 .
Next, let us consider nearest-neighbor terms. Accord-
ing to Eq.C-2, given the hopping term hˆ(δ,←→u ) along a
certain bonding vector δ = R−R′, the hopping Hamil-
tonian along the transformed bonding vector δ′ = gˆδ can
be explicitly given by:
hˆ(δ′,←→u ) = U(gˆ)hˆ(δ, gˆ−1←→u )U†(gˆ) (C-4)
Thus, with the knowledge of the hopping Hamiltonian
hˆ(δ,←→u ) along δ, hopping terms along all bonding vec-
tors δ′ = gˆδ can be obtained by acting gˆ’s on hˆ(δ,←→u ).
The symmetry allowed form for hˆ(δ1 ≡ axˆ,←→u ) is given
by[36]:
hˆ(δ1,
←→u ) = u0Pˆ (A1) + u1Nˆ (E) + u2Pˆ (E) (C-5)
= (uxx + uyy)
 P
(A1)
00 P
(A1)
01 P
(A1)
02
−P (A1)01 P (A1)11 P (A1)12
P
(A1)
02 −P (A1)12 P (A1)22

+ (uxx − uyy)
 P
(E)
00 P
(E)
01 P
(E)
02
−P (E)01 P (E)11 P (E)12
P
(E)
02 −P (E)12 P (E)22

+ 2uxy
 0 N
(E)
01 N
(E)
02
N
(E)
01 0 N
(E)
12
−N (E)02 N (E)12 0
 .
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The bonds in the direction δ′ = Cˆ3zδ are related to
the bonds in the direction δ by[36]:
hˆ(δ′,←→u ) = U(Cˆ3z)hˆ(δ, Cˆ−13z ←→u )U†(Cˆ3z) (C-6)
where
U(Cˆ3z) =
1 0 00 − 12 −√32
0
√
3
2 − 12
 (C-7)
And for the transformed strain tensor field←→u ′ = Cˆ−13z ←→u ,
we have:
u′xx − u′yy = −
1
2
(uxx − uyy)−
√
3
2
(2uxy) (C-8)
2u′xy = −
1
2
(2uxy) +
√
3
2
(uxx − uyy)
in accord with the E-representation of C3v. Now, with
the general form of hˆ(δ1,
←→u ) in Eq.C-5, we obtain the
hopping terms in δ2 ≡ Cˆ3zδ1 and δ3 ≡ Cˆ23zδ1 using the
relations above, which are given by:
hˆ(δ2,
←→u ) = (uxx + uyy)
 P
(A1)
00 − 12P (A1)01 −
√
3
2 P
(A1)
02
√
3
2 P
(A1)
01 − 12P (A1)02
1
2P
(A1)
01 −
√
3
2 P
(A1)
02
1
4P
(A1)
11 +
3
4P
(A1)
22 P
(A1)
12 +
√
3
4 (P
(A1)
22 − P (A1)11 )
−
√
3
2 P
(A1)
01 − 12P (A1)02 −P (A1)12 +
√
3
4 (P
(A1)
22 − P (A1)11 ) 34P (A1)11 + 14P (A1)22
 (C-9)
+ [−
√
3
2
(2uxy)− 1
2
(uxx − uyy)]
 P
(E)
00 − 12P (E)01 −
√
3
2 P
(E)
02
√
3
2 P
(E)
01 − 12P (E)02
1
2P
(E)
01 −
√
3
2 P
(E)
02
1
4P
(E)
11 +
3
4P
(E)
22 P
(E)
12 +
√
3
4 (P
(E)
22 − P (E)11 )
−
√
3
2 P
(E)
01 − 12P (E)02 −P (E)12 +
√
3
4 (P
(E)
22 − P (E)11 ) 34P (E)11 + 14P (E)22

+ [−1
2
(2uxy) +
√
3
2
(uxx − uyy)]
 0 − 12N
(E)
01 −
√
3
2 N
(E)
02
√
3
2 N
(E)
01 − 12N (E)02
− 12N (E)01 +
√
3
2 N
(E)
02
√
3
2 N
(E)
12 − 12N (E)12√
3
2 N
(E)
01 +
1
2N
(E)
02 − 12N (E)12 −
√
3
2 N
(E)
12

hˆ(δ3,
←→u ) = (uxx + uyy)
 P
(A1)
00 − 12P (A1)01 +
√
3
2 P
(A1)
02 −
√
3
2 P
(A1)
01 − 12P (A1)02
1
2P
(A1)
01 +
√
3
2 P
(A1)
02
1
4P
(A1)
11 +
3
4P
(A1)
22 P
(A1)
12 −
√
3
4 (P
(A1)
22 − P (A1)11 )√
3
2 P
(A1)
01 − 12P (A1)02 −P (A1)12 −
√
3
4 (P
(A1)
22 − P (A1)11 ) 34P (A1)11 + 14P (A1)22
 (C-10)
+ [
√
3
2
(2uxy)− 1
2
(uxx − uyy)]
 P
(E)
00 − 12P (E)01 +
√
3
2 P
(E)
02 −
√
3
2 P
(E)
01 − 12P (E)02
1
2P
(E)
01 +
√
3
2 P
(E)
02
1
4P
(E)
11 +
3
4P
(E)
22 P
(E)
12 −
√
3
4 (P
(E)
22 − P (E)11 )√
3
2 P
(E)
01 − 12P (E)02 −P (E)12 −
√
3
4 (P
(E)
22 − P (E)11 ) 34P (E)11 + 14P (E)22

+ [−1
2
(2uxy)−
√
3
2
(uxx − uyy)]
 0 − 12N
(E)
01 +
√
3
2 N
(E)
02 −
√
3
2 N
(E)
01 − 12N (E)02
− 12N (E)01 −
√
3
2 N
(E)
02 −
√
3
2 N
(E)
12 − 12N (E)12
−
√
3
2 N
(E)
01 +
1
2N
(E)
02 − 12N (E)12
√
3
2 N
(E)
12

The Hermitian property of H implies that: h(δ,←→u ) =
h†(−δ,←→u ), thus the rest of the hopping terms in −δi(i =
1, 2, 3) can simply be obtained by hermitian conjugation.
With hopping terms along all bonding vectors above, we
Fourier transform the Wannier operators:
cˆ†α(R) =
1√
N
∑
k
e−ik·Rcˆ†kα (C-11)
and the hopping terms in momentum-space become
h1(k,
←→u ) =
3∑
n=1
e−ik·δn hˆ(δn,←→u ) + h.c. (C-12)
The strained momentum-space Hamiltonian can be ob-
tained as:
HSTB(k) = h0(
←→u )⊗ σ0 + h1(k,←→u )⊗ σ0. (C-13)
Thus, the total tight-binding Hamiltonian for strained
2H-TMDs is given by:
HTB(k) = H
0
TB(k) +H
S
TB(k). (C-14)
The model parameters for HTB(k) used in calculat-
ing Fig.2 & 3 of the main text are presented in Ta-
ble III(unstrained parameters) and Table IV(strained pa-
rameters).
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TABLE IV: Strained tight-binding parameters up to nearest-neighbor(NN) hopping terms for monolayer MoS2 and MoSe2
adapted from Refs.[36]. All parameters are set in units of eV.
MoS2 MoSe2
On-site ES0 E
S
2 h
S
1 h
S
2 E
S
0 E
S
2 h
S
1 h
S
2
-1.021 -1.817 -0.043 -0.370 -1.090 -2.023 0.004 -0.296
NN P
(A1)
00 P
(A1)
01 P
(A1)
02 P
(A1)
11 P
(A1)
12 P
(A1)
22 P
(A1)
00 P
(A1)
01 P
(A1)
02 P
(A1)
11 P
(A1)
12 P
(A1)
22
1.032 -0.285 -0.738 -1.027 0.206 1.544 0.885 -0.236 -0.596 -0.951 0.195 1.333
P
(E)
00 P
(E)
01 P
(E)
02 P
(E)
11 P
(E)
12 P
(E)
22 P
(E)
00 P
(E)
01 P
(E)
02 P
(E)
11 P
(E)
12 P
(E)
22
0.376 -0.188 -0.779 -0.910 -0.003 1.337 0.333 -0.126 -0.667 -0.793 0.008 1.108
N
(E)
01 N
(E)
02 N
(E)
12 N
(E)
01 N
(E)
02 N
(E)
12
0.288 0.152 -0.634 0.255 0.110 -0.565
Appendix D: Strongly enhanced Berry dipole due to
SOCs
In the main text, we mentioned that Ωspin not only
enhances the magnitude of total Berry curvature Ωtot
but also results in a highly nonuniform momentum-space
profile for Ωtot. In this section, we discuss in details
how Ωspin leads to Ωtot with very large magnitudes and
nonuniform profile, and then explain why these special
properties result in strongly enhanced Berry curvature
dipole in strained MoSSe.
First of all, we show that, in the regime where large
Berry dipoles emerge (Fermi level lying close to the band
anti-crossing points), the total Berry curvature Ωtot in
the electron bands can be approximately given as an al-
gebraic sum of Ωspin and Ωorb, i.e., Ωtot ≈ Ωspin + Ωorb.
To demonstrate the relation Ωtot ≈ Ωspin + Ωorb, we
consider K = (4pi/3a, 0) with the physics near −K fol-
lowed by time-reversal symmetry. In the Bloch basis
of |dc,↑〉 , |dc,↓〉 , |dv,↑〉 , |dv,↓〉, the four-band Hamiltonian
near K can be written as[17, 22]:
Htot(k) =

∆
2 + (β0 + β
′
1k
2) −iαso(kx + iky) VF (kx − iky) 0
iαso(kx − iky) ∆2 − (β0 + β′1k2) 0 VF (kx − iky)
VF (kx + iky) 0 −∆2 + λ 0
0 VF (kx + iky) 0 −∆2 − λ
 . (D-1)
Here, |dc,α〉 ≡ |dz2 , α〉 denotes the predominant |dz2〉-
orbital with spin α =↑, ↓ at the conduction band edge
at K, and |dv,α〉 ≡ |dx2−y2 + idxy, α〉 denotes the pre-
dominant |dx2−y2 + idxy〉-orbital with spin α =↑, ↓ at the
valence band edge at K. VF = 3.5eV · A˚ is the effec-
tive inter-orbital hopping parameter, ∆ = 1.66eV is the
band gap at K, and λ ≈ 50 meVs describes the Ising SOC
strength in the valence band. The parameters β0, αso are
defined in the same way as in the main text. However, β′1
is not to be identified with β1 in Eq.1-2 of the main text.
The relation between β1 and the parameters β
′
1, VF , ∆,
λ will become clear in the following discussions.
Without loss of generality, we demonstrate the case
of the lower SOC-split conduction band (band index:
n = c,−). The analysis for the upper SOC-split con-
duction band (n = c,+) is similar. For any momentum
k displaced from K, the exact form of total Berry curva-
ture in the lower conduction band is given by:
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Ωtotc,−(k) = Ω
inter
c,− (k) + Ω
intra
c,− (k), (D-2)
Ωinterc,− (k) = i
∑
m=±
〈c,−,k|vˆx|v,m,k〉 〈v,m,k|vˆy|c,−,k〉 − c.c.
(Ec,−(k)− Ev,m(k))2 ,
Ωintrac,− (k) = i
〈c,−,k|vˆx|c,+,k〉 〈c,+,k|vˆy|c,−,k〉 − c.c.
(Ec,−(k)− Ec,+(k))2 .
Here, n = c/v,+/− is the band index for Bloch eigen-
state |n,k〉 of Htot(k), associated with band energy
En(k). +/− labels the upper/lower SOC-split bands,
and c/v labels the conduction/valence band. vˆi ≡
∂Htot/∂ki, with i = x, y, is the velocity operator in the
i-direction.
As shown in Ref.[22], at exactly the K-point(k =
0), the Ωinter-term in the second line of Eq.D-2 arises
from interband coupling between conduction and valence
bands. It reduces to the orbital-type Berry curvature
Ωorb. The Ω
intra-term in the third line of Eq.D-2 arises
from intra-band coupling between the two conduction
bands which are split by SOCs. It reduces to the spin-
type Berry curvature Ωspin at exactly the K-point. Thus,
Ωtot = Ωspin + Ωorb holds strictly at the K-point. It was
also pointed out in Ref.[22] that, based on the symme-
try property of Berry curvature around C3-invariant K-
points, Ωtot ≈ Ωspin + Ωorb holds in the close vicinity of
K.
Now, we show that throughout the Fermi level regime
considered in this work, Ωintra ≈ Ωspin and Ωinter ≈ Ωorb
holds. As a result, we have Ωtot ≈ Ωspin + Ωorb. To see
why Ωintra ≈ Ωspin, we note that at a finite momentum
k, the weight of the |dv〉 ≡ |dx2−y2 + idxy〉-states in the
eigenstates |c,±,k〉 of conduction bands is of the order
wv ∼ V 2F k2/∆2 according to perturbation theory. As the
relevant Fermi level ranges from 0 − 30 meV measured
from the conduction band minimum, the relevant mo-
mentum range covers 0A˚
−1
< k < 0.06A˚
−1
measured
from K = 1.31A˚
−1
(Fig.A-1). With VF = 3.5eV · A˚
and ∆ = 1.66eV , the weight of |dx2−y2 + idxy〉-state is
wv < 2% throughout this range. This suggests that in
all ranges of Fermi level studied in this work, electronic
states in the conduction band are strongly dominated by
the |dc〉 ≡ |dz2〉-orbitals.
The negligible contribution from |dx2−y2 + idxy〉-states
in the electronic wavefunctions allows us to construct
an effective two-band Hamiltonian Heff (k) formed by
{|dz2 , ↑〉 , |dz2 , ↓〉}-states for conduction band electrons
within the range 0A˚
−1
< k < 0.06A˚
−1
, such that the
eigenstates |dz2 ,±〉 with their corresponding eigenvalues
E±(k) of Heff (k) are perturbatively good approxima-
tions for |c,±,k〉 and Ec,±(k) for evaluating Ωintra in
Eq.D-2.
In fact, such an effective model can be obtained by
treating intra-|dz2〉-orbital terms in Htot(k)(Eq.D-1) as
an unperturbed Hamiltonian, while the coupling be-
tween |dz2〉 and the remote |dx2−y2 + idxy〉-states(which
are predominantly in the valence band) in Eq.D-1
are regarded as perturbations. Based on generalized
second-order perturbation theory, we project contribu-
tions from the |dx2−y2 + idxy〉-states onto the subspace
of {|dz2 , ↑〉 , |dz2 , ↓〉}-states and obtain the effective two-
band Hamiltonian (for k ∼ 0− 0.06A˚−1):
Heff (k) = (
∆V 2F
∆2 − λ2 k
2)σ0 + αsok × σ‖ (D-3)
+ (β0 + β
′
1k
2 +
λV 2F
∆2 − λ2 k
2)σz.
Here, the σ-Pauli matrices act on spins of dz2-orbitals,
and k2 = k2x + k
2
y. For simplicity, we drop all constant
terms in Eq.D-3 which have no contributions to Berry
curvatures. Notably, the form of Heff in Eq.D-3 is ex-
actly the same as H0(Eq.1 of the main text), which is
derived based on the C3v point group symmetry. In par-
ticular, by defining β1 ≡ β′1 + λV 2F /(∆2 − λ2), we iden-
tify the σz-term in Heff is exactly the Ising SOC term
discussed in Eq.1 of the main text. Thus, the Berry cur-
vature derived from Heff , which serves as a perturbative
approximation of Ωintra, is exactly the spin-type Berry
curvature Ωspin discussed in the main text. Therefore,
we conclude that Ωintra(k) ≈ Ωspin(k) throughout the
regime explored in this work.
Next, we show that Ωinter ≈ Ωorb is also true for
k ∼ 0 − 0.06A˚−1. By the same reasoning above, it
is straightforward to see that the weight of the |dz2〉-
orbitals in the valence band states is also on the order
of V 2F k
2/∆2 < 2% within the range k ∼ 0 − 0.06A˚−1.
Thus, to evaluate the inter-band contribution Ωinter,
the eigenstates |c,−,k〉 and |v,±,k〉 can be well ap-
proximated as |c,−,k〉 ≈ |dz2 ,−,k〉 and |v,±,k〉 ≈
|dx2−y2 + idxy,±,k〉. We note that due to Rashba SOCs,
the out-of-plane spin of eigenstates in the conduction
band is no longer conserved. Thus, we have in gen-
eral |dz2 ,−,k〉 = s1(k) |dz2 , ↑〉 + s2(k) |dz2 , ↓〉, and the
k-dependent coefficients s1, s2 need to be determined
by diagonalizing Heff (k). However, by observing that
∆ λ β0, β1k2 in the regime of our interest, we have
Ec,−(k)−Ev,±(k) ≈ ∆. With |dx2−y2 + idxy,+(−),k〉 =
|dx2−y2 + idxy, ↑ (↓),k〉, we have:
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Ωinterc,− (k) = i
∑
m=±
〈c,−,k|vˆx|v,m,k〉 〈v,m,k|vˆy|c,−,k〉 − c.c.
(Ec,−(k)− Ev,m(k))2 (D-4)
≈ −(|s1(k)|2 V
2
F
∆2
+ |s2(k)|2 V
2
F
∆2
)
= −V
2
F
∆2
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FIG. D-1: Effects of Ωspin on total Berry curvature profiles in
strained MoSSe. Color bar indicates the value of total Berry
curvature in units of A˚
2
. (a)-(b) Profiles of Ωtot of the lower
conduction band n = c,− throughout the neighborhood of K
in (a) strained MoS2 without Ωspin and (b) strained MoSSe
with Ωspin. (c)-(d) Profiles of Ωtot along Fermi contour en-
closing the K-point at EF = 1.467 eV in (c) strained MoS2
without Ωspin and (d) strained MoSSe with Ωspin.
Note that in the last step we used the normalization con-
dition |s1|2 + |s2|2 = 1. As shown in Ref.[17], in the
limit VF k  ∆, Ωorb is almost a constant with value
V 2F
∆2 (a uniform momentum space profile in the neighbor-
hood of K). It is clear that VF k  ∆ holds in the
range k ∼ 0 − 0.06A˚−1 of our interest. Thus, we have
Ωinter ≈ Ωorb.
Based on our detailed analysis above, we conclude that
Ωtot ≈ Ωspin+Ωorb holds throughout the regime explored
in our work. We note that this relation would fail when
VF k ∼ ∆. However, this would require the Fermi level to
exceed 100 meVs[26] which goes way beyond the regime
of our interest.
According to Fig.A-1, |Ωspin| ∼ 104A˚2 near the band
anti-crossing points, while |Ωorb| ∼ 10A˚2[17]. Thus,
Ωspin strongly dominates over Ωorb near the band anti-
crossing points. Based on our discussions in subsection A,
the relation Ωtot ≈ Ωspin + Ωorb implies that the behav-
ior of Ωtot is essentially governed by Ωspin in the regime
of our interest. In this section, we explicitly demon-
strate how the dominance of Ωspin gives rise to strongly
enhanced Berry dipole of order 1A˚ near the band anti-
crossing points as shown in Fig.2-3 of the main text.
First, to demonstrate how Ωspin significantly enhances
the total Berry curvature in strained MoSSe, we plot the
profiles of Ωtot of the lower conduction band n = c,−
throughout the neighborhood of K as shown in Fig.D-1a-
b. In Fig.D-1a, the Rashba SOC is absent(αso = 0), thus
Ωspin = 0 according to Eq.2 of the main text. In this
case, the magnitude of Ωtot remains almost a constant at
∼ 10A˚2. Notably, as we discussed in subsection A, the
profile of Ωtot is approximately a uniform function near
K due to the fact that VF k  ∆[17].
In contrast, when Rashba SOC is present, the max-
imum amplitude of Ωtot is significantly enhanced near
the band anti-crossing points due to the presence of
Ωspin(Fig.D-1b). Note that the magnitude of Ωtot is also
on the order of 104A˚
2
, being consistent with the relation:
Ωtot ≈ Ωspin + Ωorb. Importantly, as the magnitude of
Ωspin changes dramatically as k goes from K to the band
anti-crossing points(Eq.2 of the main text), the profile of
Ωtot also becomes highly nonuniform in the neighborhood
of K as explicitly shown in Fig.D-1b.
Second, to demonstrate how Ωspin leads to strongly
enhanced Berry dipole in strained MoSSe, we plot the
Berry curvature profiles along a fixed Fermi contour en-
closing the K-point(i.e., only momentum states at a given
Fermi energy EF are considered) as shown in Fig.D-1c-d.
This provides a physical picture of a Berry dipole accord-
ing to Eq.4 of the main text, which can be regarded as
a manifestation of its Fermi liquid property. As shown
in Fig.D-1c, when Ωspin is absent, the total Berry cur-
vature Ωtot is also approximately a constant along the
Fermi contour due to the uniform Berry curvature pro-
file throughout the neighborhood of K(Fig.D-1). As the
Berry dipole is given by the sum of products between
Fermi velocity and Berry curvature at each k along the
Fermi surface(Eq.4 of the main text), the contributions
from all states k in Fig.D-1c almost cancel each other be-
cause their Berry curvatures are roughly the same while
their velocities almost sum to zero.
In sharp contrast, with the same Fermi contour in
Fig.D-1c, due to the highly nonuniform profile of Ωtot in
Fig.D-1b, Ωtot also changes drastically along the Fermi
contour as shown in Fig.D-1d. Note that due to the bro-
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FIG. D-2: Gate-dependence of Berry curvature dipole Dx
in strained MoS2 (black solid line) and strained MoSSe (red
solid line) with uxx = 4%. Note that Dx in strained MoS2 is
multiplied by 100 times so that the values can be visible on
the scale of 0.5A˚. For direct comparison, all parameters used
for calculating both curves are set to be the same except that
αso 6= 0 for MoSSe.
ken C3 symmetry by strain, the Berry curvature profile
is no longer three-fold invariant about K. Particularly,
with the choice of Fermi energy lying close to hot spots of
Ωspin associated with the right-movers, the Berry curva-
ture along the Fermi contour enclosing K is concentrated
preferentially on the right hand side of K(Fig.D-1d). In
this case, the largely imbalanced Berry curvature contri-
butions from right-movers and left-movers lead to a large
Berry dipole according to Eq.4 of the main text.
We now explicitly demonstrate the enhancement of
Berry dipole due to Ωspin. We calculate the Berry dipole
for strained conventional MoS2 without Rashba SOCs for
a direct comparison with strained MoSSe with Rashba
SOCs. As shown clearly in Fig.D-2, the magnitude of
Dx in MoS2 is only of the order 1× 10−3A˚ in the regime
where Dx is of order 1A˚ in strained MoSSe. Thus, Dx is
strongly enhanced by 3 orders of magnitude in the Fermi
level regime EF ∼ 1.44− 1.48 eV due to the presence of
Ωspin. We note by passing that the optimal value for Dx
in strained MoS2 (with contributions from Ωorb only) can
be as large as ∼ 0.01A˚ at a higher EF which goes beyond
the regime considered here. Thus, the optimal value is
also enhanced by 2 orders of magnitude due to Ωspin.
Appendix E: Berry curvature dipole in other
strained polar TMDs
Here, we discuss nonlinear Hall effects in other strained
polar TMDs. First, as we mentioned in the main text,
our prediction of large Berry dipole generally applies to
the whole class of moly-based polar TMDs. This is due to
the fact that in all conventional moly-based TMDs, there
readily exists a band crossing within the two electron
bands[26]. As a result, once Rashba SOCs are turned
on, the band crossing points are gapped out, leading to
EF (eV)
D
x
(Å
)
EF (eV)
D
x
(Å
)
𝐷𝑥
𝐷𝑥,−
𝐷𝑥,+
(b)
(a)
FIG. E-1: Gate-dependence of Berry curvature dipole Dx in
(a) strained MoSeTe with uxx = 2% and (b) strained WSeTe
with uxx = 4%.
band-anticrossings where Berry curvature hot spots can
emerge.
To explicitly demonstrate the generality of the mech-
anism above, we calculate the gate-dependence of Berry
dipole of another moly-based TMD material, MoSeTe,
as shown in Fig.E-1a under uniaxial strain uxx = 2%.
The tight-binding model used for MoSeTe is exactly the
same as the one presented in Section II and III, with
the parameters for MoSeTe listed in Table III and IV.
The SOC tight-binding parameters for MoSeTe are given
by α0 = 1.2 meV, and βso = −15 meV. Clearly, Dx in
MoSeTe has the same qualitative gate-dependent features
as MoSSe under similar strain uxx ∼ 2%(Fig.3 of the
main text). Notably, the optimal value of Dx in MoSeTe
is also of the order 1A˚.
On the other hand, as we pointed out in the main
text, in tungsten(W)-based 2H-TMDs, the SOC-induced
Berry curvature Ωspin can also modify the total Berry
curvature profile near the conduction band minimum.
However, since there is no band anti-crossing in W-
based materials, the Berry curvature profile is much less
nonuniform compared to the moly-based case and the
Berry curvature dipole is expected to be less strongly
enhanced. Here, using a specific example of W-based po-
lar TMD candidate WSeTe, we demonstrate this fact by
calculating the Berry curvature dipole under the same
uniaxial strain uxx = 4% as in Fig.2 of the main text.
For W-based materials, the Ising SOC in the conduction
band is set to be β0 ≈ 20 meV[26]. Strong Rashba split-
ting ∼ 50 meV has also been predicted for WSeTe[20],
and the fitted parameter in the tight-binding model is set
to be α0 ≈ 45 meV according to previous works[22]. For
simplicity, the other parameters are set to be the same
as those presented in Table III and Table IV.
The Berry curvature dipole Dx as a function of the
Fermi energy EF for strained WSeTe is shown in Fig.E-
1b. Clearly, the Berry curvature dipole is also on the
order of 1 × 10−3 A˚, comparable to the case of con-
ventional 2H-TMDs while much smaller than the values
in strained MoSSe (Fig.2 of the main text). However,
due to the fact that Ωspin causes the two bands to carry
opposite Berry curvatures, the contributions Dx,−/Dx,+
from lower/upper bands to Dx also have different signs
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as shown in Fig.E-1b, which results in some cancellation
effects as the upper band gets filled (signified by the point
in the Dx − EF curves where Dx starts to deviate from
Dx,−). While certain non-trivial gate-dependence in Dx
is also found, the sign of Dx is not switched as in the case
of MoSSe (Fig.2 & 3 of the main text).
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